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Bayes’ Net Representation

= Adirected, acyclic graph, one node per random
variable

= A conditional probability table (CPT) for each node

= A coIIectiop of distributions over X, one for each combination
of parents values P(X|a1 L an)

= Bayes netsimplicitly encode joint distributions
= As a product of local conditional distributions

= To see what probability a BN gives to a full assignment,
multiply all the relevant conditionals t%gether:

P(a:l,:vg, . zcn) = H P(:ci|parents(XZ-))
=1




P(B)

+b

0.001

0.999

Example: Alarm Network

Burglary

PUIA)

+a

0.9

+a

0.1

0.05

0.95

A M | P(M|A)
+a | +m 0.7
+a | -m 0.3
-a [ +m 0.01
-a | -m 0.99

E P(E)
+e | 0.002

-e | 0.998

B E | A | P(A|BE)
+b | +e | +a 0.95
+b | +e | -a 0.05
+b | -e | +a 0.94
+b | -e | -a 0.06
-b | +e | +a 0.29
b | +e | -a 0.71
-b | -e | +a 0.001
-b | -e| -a 0.999

[Demo: BN Applet]



Example: Alarm Network

B | P(B) E | P(E) =
+b | 0.001 re | 0.002 @
b [0.999 e |0.998 r}ﬁw

Al | ruia) YRS

+a | +j 0.9 +a | +m 0.7 B £ A P(AIB,E)
vl 4| 01 +va|-m| 03 tb|+e|*a] 09
a | 4| o005 0 @ a | +m | 0.01 b | +e | - 0.05
al| - | 095 a | -m | 099 tb|-e|+a] 094

+b | -e | -a 0.06
te | +a 0.29
te | -a 0.71
-e | +a 0.001
-e | -a 0.999

P(+b,—e,4+a,—j,+m) =
P(+b)P(—e)P(+a| + b, —e)P(—j| + a)P(+m| + a) =

1 1 1 1
|0 |0 |T




Example: Alarm Network

B | P(B) E | P(E) Bl
+b | 0.001 +e | 0.002 @

Al | ruia) Al M |[Pv|A)

+a | 4 0.9 +a | +m 0.7 5 £ A P(AIB,E)
va| | o1 va|-m| 03 tb|+ej+a] 095
a | 4| 005 0 @ a | +m | 001 tb|+e|a] 005
a| | o9s a | -m| 099 A9 || a8 ] e

+tb | -e | -a 0.06
te | +a 0.29
+e | -a 0.71
-e | +a 0.001
-e | -a 0.999

P(_I_ba —€, —|—CL, _ja +m) —
P(+b)P(—e)P(+a| + b, —e)P(—j| + a)P(+m| + a) =
0.001 x 0.998 x 0.94 x 0.1 x 0.7

I 1 [ 1
O |TC |T|OT




Bayes’ Nets

« " Representation
« = Conditional Independences

= Probabilistic Inference

* Enumeration (exact, exponential complexity)

= Variable elimination (exact, worst-case exponential
complexity, often better)

= Inference is NP-complete

= Sampling (approximate)

" Learning Bayes’ Nets from Data



= |nference: calculating some = Examples:
useful quantity from a joint

probability distribution " Posterior probability

P(Q|E1 =eq,... B, = e)

= Most likely explanation:

argmax, P(Q =q|E1 =e1 ...

N S N
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o 556510 2 W% (Posterior marginal probability)
= P(Qley,...e)
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= argmax, .. P(Q=q,R=r,5=s|e,,..,e)
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_ MEHEEE Q, H, E (18)ia), B3, NEHE)

B 0B AT FE — A B S 4 F L A B
1 P(qle) = a P(q,e)
& = & Lhefhyhyy P(@ 1o €)
S| BfanE Mt S RS 5 BREEA SR CPTs
P(qle) = a Xpen, n,y P(R) P(qlh) P(e|q)
w T = a [P(hy) P(qlhy) P(elq) + P(hy) P(qlhy) P(elq)]
& | ERBRATUEALE:
1 P(qle) = a P(elq) Tnegnon,y PP (IR
& — a P(elq) [P(hy)P(qlhy) + P(hy)P(qlhy)]
} = a P(elq) P(q)

Tiijﬁiﬂiii?iﬁﬁﬁ
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Inference by Enumeration(#a5X)

* Works fine with

=  General case: = We want: multiple query
" I(Elviden*ce va?rislbl.es: Eyp...Bp=e1...¢e X1,Xo,...Xn P variables, too
UeTy” vana'e: Q All variables (Q|61 s ek)

= Hidden variables: Hy...Hy

= Step 1: Select the = Step 2: Sum out H to get joint = Step 3: Normalize
entries consistent of Query and evidence
with the evidence 1

(= Ped
F—S 0.05 >< —_—
-1 0.25
TN
=& © 0.07

Z=> P(Qer-ex)
q

P(Q|€1"'€k) = %P<Q761"'6k>
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= Given unlimited time, inference in BNs is easy

= Reminder of inference by enumeration by example:

P(B |+ j,+m) xp P(B,+j,+m)

:ZP (B,e,a,+j,+m)
=P(B)P(+e)P(+a|B,+e)P(+j| + a)P(+m| + a) + P(B)P(+e)P(—a|B,+¢)P(+j| — a)P(+m| — a)
P(B)P(—e)P(+a|B,—e)P(+j| + a)P(+m| + a) + P(B)P(—e)P(—a|B, —e)P(+j| — a)P(+m| — a)

= 3 PB)P()P(alB, P (+ila) Pl
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N SR ERE RO SRS

P(B|j,m)= aP(B,j m)
= a2.,P(B, e a,jm)
= a2,,P(B) P(e) P(a|B,e) P(jla) P(m|a)
|J|5)T DABNHEHE S R W R B AR HEAT KA THEL: L IR R 5

] AR BT S FR WO K A SR AR I A



A 13 HEAS ) BE 412

mLL
W X1Y121 + X1Y1Z2 + X1YV2Z1 + X1Y2Z2 + X2Y1Z1 + X2V12Z2 + X2Y22Z1 + X2Y222
W16 3k, 7 NIk
T2 EE W RIE

CERSIOR
B(xy +x2) (V1 +y2) (21 + 23)
w2 3Ryk, 3 vk

W) 2qP(B) P(e) P(alB,e) P(jla) P(m|a) = P(B) P(e) P(alB,e) P(jla) P(m|a)
+ P(B) P(—e) P(a|B,—e) P(jla) P(m|a)
+ P(B) P(e) P(—al|B,e) P(j|ma) P(m|—a)
+ P(B) P(—e) P(—a|B,—e) P(j|—a) P(m|—a)

s S EETFRAR)



AN I = M/ 7ASH

Inference by 4I1=5% vs. T=BFRA

= Why is inference by enumeration so slow? ® Idea: interleave joining and marginalizing!

* You join up the whole joint distribution before = Called “Variable Elimination”

you sum out the hidden variables = Still NP-hard, but usually much faster than
inference by enumeration

na-@ mm-
- 7

» First we’ll need some new notation: factors &+

=
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SR A AR -
P(B|j,m) = azz P(B,e,a,j,m)

e

— aZ Z P(jla) P(e) P(m|a) P(a|B,e) P(B)

—a P(B)z P(e)z P(jla) P(m|a) P(a|B,e)
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R ERAEER R B, oiHE e
P(B|j, m)= a2.2,P(B)Ple) P(a]|B,e) P(jla) P(m|a)
= a P(B) 2. Ple) 2.,P(a|B,e) P(j|a) P(m]|a)
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B —~
R, JBAE o BRI, AL e b RA ig»! z@
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Y& A HAfactors)



AL H PRV

m#i): P(Q| Ej=ey,.., E,=€,)

BITUR TR N 138
W R SRR AR (CPTs) ((HZ i W A% A2
EER) S )

AR R A i (BEAN 2 Q A ZE):
miE— Mg AR E H
mEIERATAEAE H AR
Wy R (G HORT) H

WG IHFATARIR I AR, R A R AT IR AL f%. . X —







AU

P(T, W)
= Joint distribution: P(X,Y) T W P . 3
» Entries P(x,y) forall x, y hot sun | 0.4 —"’x_/_\:_\“
" Sumstol hot rain | 0.1 "o > o
cold sun | 0.2 p 5 ‘ .
cold rain | 0.3
= Selected joint: P(x,Y)
= Aslice of the joint distribution P(cold, W)
= Entries P(x,y) for fixed x, all y T W P
= Sums to P(x) cold sun | 0.2
cold rain | 0.3
= Number of capitals =

dimensionality of the table



AU

= Single conditional: P(Y | x)

P(W|cold)
= Entries P(y | x) for fixed x, all - = -
= Sumstol
cold sun | 0.4
cold rain | 0.6
P(WIT)
= Family of conditionals: T W P

hot sun | 0.8
P(Y | X) — —1>11 P(W|hot)
= Multiple conditionals ° ram —1-
. Id 0.4
" Entries P(y | x) forall x, y © Su_n - P(W]|cold)
= Sumsto |X]| cold rain | 0.6




AR T

SRR P(Y | X) P(J|a)

WERT Py | ), A3 E 7Y
x5, I 1) ylE

BT N1

A\J | true false

true 0.9 0.1

AR KR POXY)

L EZ SR e
WERTLP(x |y), WMTHIE Xy
BRI AN Y

PUJ|A)

A\J | true |false

true | 0.9 | 0.1 }-P(Jla)
false | 0.05 | 0.95

}- PU|—a!
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= Specified family: P(y | X)
= Entries P(y | x) for fixed y,
but for all x
= Sumsto ... who knows!

P(rain|T)

T w [P
hot | rain | 0.2 }:P(T‘ai?ﬂhmf)

P(rain|cold)

cold rain 0.6




AFTUNE

= In general, when we write P(Y, ... Yy | X ... X))
= Itis a "Bl a Z4E54H

= |ts values are P(y; .. yn | X4 ... Xu)

= Any assigned (=lower-case) X or Y is a dimension missing (selected)
from the array




Example: Traffic Domain

= Random Variables

= R: Raining

= T: Traffic

= |: Late for class!

|
\D

P(R)

+r 0.1

P(T|R)

+r

+t

0.8

+r

0.2

+t

0.1

0.9

P(L|T)

+t

+|

0.3

+t

0.7

+|

0.1

0.9




Inference by Enumeration: Procedural Outline

Track objects called factors
Initial factors are local CPTs (one per node)

P(R) P(T|R) P(L|T)
+r 0.1 +r | +t | 0.8 +t + | 0.3
-r 0.9 +r | -t [0.2 +t -l |1 0.7
-r | +t | 0.1 -t + | 0.1
-r -t | 0.9 -t -1 10.9

Any known values are selected
= E.g.ifwe know [, = 4/, the initial factors are

P(R) P(T|R) P(+4|T)
+r 0.1 +r | +t [ 0.8 +t + | 0.3
-r 0.9 +r | -t [0.2 -t + | 0.1

-r | +t | 0.1
-r -t [ 0.9

Procedure: Join all factors, eliminate all hidden variables, normalize



First basic operation: joining factors

Combining factors:
= Just like a database join

= Get all factors over the joining variable

IRE 1 BES

= Build a new factor over the union of the variables

involved

Example: Join on R

+r

0.1

0.9

+r

+t

0.8

+r

-t

0.2

+t

0.1

-t

0.9

= Computation for each entry: 2R ﬁﬂ:l

vr,t .

+ I\

P(R,T)
+r | +t | 0.08
+r | -t | 0.02
-r | +t | 0.09
-r|-t] 0.81

o B |

@) PER) x PTIR) =

P(r,t) = P(r) - P(t|r)



Example: 2/ REXE1E(E
(-
N -

+r | 0.1 P(R.T
r 109 Join R (&, T) Join T

+r | +t | 0.08
+r | +t /0.8 | +t]0.09
] 02 -r | -t]0.81 @ P(R,T,L)
-r [ +t [0.1 +r | +t | + [ 0.024
r]-t]0.9 +r | +t | -1 |0.056

e +r -t +l | 0.002

P(L|T) P(L|T) +r -t -| 0.018
+t | +l (0.3 +t | +l (0.3 -r +t + | 0.027
+t | -1 0.7 +t | -l [0.7 -r +t -l | 0.063
-t | 4+ ]0.1 -t |+ ]0.1 -r -t + | 0.081
-t | -l [0.9 -t | -l [0.9 -r -t -1 | 0.729




IBE 2. BT =

= Second basic operation: marginalization

» Take a factor and sum out a variable
» Shrinks a factor to a smaller one

= A projection operation

= Example:
P(R,T)
+r | +t [ 0.08 sum R P(T)

+r | -t | 0.02 :> +t

-r | +t | 0.09 -t
-r | -t | 0.81




P(R,T, L)

\\|/

y//\/

-

BRIR(E

D, >

+r

0.024

+r

+t

0.056

Sum

+r

-t

+

0.002

out R

+r

-t

0.018

+

0.027

0.063

—— >

+

0.081

[ B B
S s s s

0.729

P(T, L)
+t | +l | 0.051
+t| -l |0.119

+| | 0.083
-1 | 0.747

Sum
outT

>

®

P(L)

+ [0.134

-l 0.886




EEE 10 32 53 (Pointwise product)

-1

WO AR BT 5 ST (CRT
SR RIS Goin) B1E, € SEFEHITRY)
WP T L AP AR T AR A 4
WA R U S5 B T SR e

miltn: P(JIA) x P(A) = P(AJ)
PJIA P(A,J
p(A) (J]A) (AJ)
A\J |true| false A\J | true | false
true (0.1
true | 0.9 | 0.1 = true | 0.09 | 0.01
false | 0.9
false [0.05| 0.95 false [0.045| 0.855




12 AR ZS

A B fi1(A, B) B ' f2(B,C) A B C f3(A, B.C)
T T 3 T T 2 T T T 3 x.2=.06
T F v T F 8 T T F 3 x.8=.24
F T 9 F T 6 T F T T x.6=.42
F F 1 F F 4 T F F T x . 4=28
F T T 9 >3 2=18
F T F 9 x.8=.72
F F T 1 x.6=.06
F F F A x . 4=.04
Figure 14.10  Illustrating pointwise multiplication: f; (A, B) x f2( B, C) = f3(A, B, C).




BEAE 2: AR — N &=

.ﬁ AR B TR B IRIE A —A
A \E“

B — AR AR/
miln: 3 P(AJ) = P(A)) + P(A,—j) = P(A)

P(A,J)

A\J| true | false

P(A)
INAEEL S | true [0.1

true | 0.09 0.01 —
false | 0.9

false| 0.045 | 0.855
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Thus Far: Multiple Join, Multiple Eliminate (= Inference by #l&5%)

(




Marginalizing Early (= ZZ&i8E)




Traffic Domain

() P(L) =7

@ " Inference by » Variable Elimination
Enumeration
=SS P(LI PP = P(L|t) Y P(r)P(t|r)
t r ‘_'_’ t r ‘_'_|
e Joinonr Joinonr
L Y 3 \_'_'
Joinont Eliminate r
EIimi'nate r l Join'ont .
T '] L ' | ]

Eliminate t Eliminate t



. . . _I.\.I_E:\V /\:__
Marginalizing Early! (BPZ=i8FR%)
(R JonR  P(R,T) SumoutR JoinT sumout T
(B) = TaTes] = P(T) => [
#r | 0.1 +r | -t | 0.02
-+ 109 -r | +t | 0.09 L YRS
| -t]o0.81 t | 083
® G
+r | +t |0.8 @ @
+r| -t |10.2 ( )
|+t [0 P(T, L
@ 7|t 0.9 e T+ oo P(L)
+t | -1 | 0.119 + [0.134
G P(L|T) P(L|T) P(L|T) T 0.083 1 [0.866
+t | +1 |0.3 +t | +1 (0.3 -1 10.747
st [ 07 . J_’ll o= +t | 1 [0.7
+]0.1 ~rlod +]0.1
1 ]0.9 10 1 0.9
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f(B,C)

i I I I I B A

MM HST ™A

m-am=am=Sm=|0

-(

> £3(A,B,C) =f3(a, B,C) +f3(-a, B,C)

a

06 .24
42 .28

)+

A8 72
06 .04

E.
A
fs(A, B,C)
% 2=06
S x . 8=.24
T x .6=.42
g% 4=.28
b x 2=.18
O x 8=.T2
A =< 6=.06
d = . 4=.04

24 .96
A8 .32

)



Fvidence (WIZR{E)

= |f evidence, start with factors that select that evidence

= No evidence uses these initial factors:

P(R) P(T|R) P(L|T)

+r 0.1 +r | +t | 0.8 +t + | 0.3

-r 0.9 +r | -t [0.2 +t -1 107
-r | #t | 0.1 -t + ] 0.1
-r -t | 0.9 -t -1 10.9

= ComputingP (L| + ) the initial factors become:

P(+r) P(T|4+7)  PIT)

[ + | 01 | +r | +t [08 +t | + |03
+r | -t [0.2 +t -1 | 0.7

-t + | 0.1

| -1 [o09

= We eliminate all vars other than query + evidence =



Evidence |l

= Result will be a selected joint of query and evidence

= E.g.forP(L| +r), we would end up with:

P(+r,L) Normalize P<L| + )

+r | +1 | 0.026 ::: +l | 0.26
+r| -l | 0.074 - | 0.74

= To get our answer, just normalize this!

= That’s it!



General Variable Elimination (&858 L&)

= Query: P(Q|E1 =e1,--- Ek — €k>

= Start with initial factors:
= Local CPTs (but instantiated by evidence)

= While there are still hidden variables
(not Q or evidence):
= Pick a hidden variable H
= Join all factors mentioning H
= Eliminate (sum out) H

= Join all remaining factors and normalize
° [-m- X



20 2 BIRIBD A i 2 Ee LS

P(B|j,m) o< P(B,j,m) O (&

P(B) P(E)  P(AB,E) PGlA)  P(m|A) o
)

Choose A

P(A|B, E)

P(j|A) % P(j,m,A|B, E) j> P(j,m|B, E)

P(ml|A)

P(B)

P(E)

P(j,m|B, E)




Example

P(B) P(LE) P(j,m|B, E) O ()
Choose E 0
P(E) %) PGmER) [E) PGmIE) ORRO
P(j,m|B, E)
P(B) P(j,m|B)
Finish with B

P(B) ::> . :: > :
P(J,m|B) X P(],m, B) Normalize P(B‘], m)



SR HEFRIAT

P(B|j,m) o< P(B, j,m)

Al
!
=
£
HO

P(B)

P(E) P(A|B, E) P(jlA)  P(ml|A)

P(B|j,m)

P(B, j,m)

- ZP(B,j,m,e,a,)

e,a

> P(B)PP(alB,0 PGl P(ma)
ZP<B>P(e>zP<a|B &) P(jlayP(ma)
ZP(B)P(e)fl(B ¢, j,m)

P(B)Y P(&)f1(B.e.i.m)

P(B)2(B, ,m)

marginal obtained from joint by summing out
use Bayes’ net joint distribution expression
use x*(y+z) = xy + xz

joining on a, and then summing out gives f,
use x*(y+z) =xy + xz

joining on e, and then summing out gives f,

All we are doing is exploiting uwy + uwz + uxy + uxz + vwy + vwz + vxy +vxz = (u+v)(w+x)(y+z) to improve computational

efficiency!



R SR TIERRAVIUS

" For the query P(X,|y,,...,¥,) work through the following two
different orderings as done in previous slide: Z, X,, ..., X _; and X,,
.., X1, Z. What is the size of the maximum factor generated for

each of the orderings?

= Answer: 2" versus 22 (assuming binary)

" |n general: the ordering can greatly affect efficiency.



28 AL H A5 Rk &%

- IR HEF A D, Z,A,BC
P(D) = a2,.,.P(D|z) P(z) P(alz) P(b|z) P(c|z)
: = a Y, P(D|z) P(z) X, P(a|z) X, P(b|z) 3. P(c|2) e
- R RIIHEF GRE) A 2 M & (D,2)

- R HFAABC,D, Z 0 ° G °

P(D) = a2,,..P(alz) P(blz) P(c|z) P(D|z) P
° = a2, 2 2.0 2., P(alz) P(b|z) P(c|z) P(DIZ) P(z)
- I KWIINT R E) 4 M= (AB,C,D)




LEHRZ ITTENENNZESRE

= {f[E) =S (88 2R ET the largest factor(FR A E T3K)

* The elimination ordering can greatly affect the size of the

largest factor.
» E.g., previous slide’s example 2"*1 vs, 22

* Does there always exist an ordering that only results in small

factors?
= Nol!
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Worst Case Complexity?

= CSP:

(3:1\/332\/—|3’;3)/\(—|$1 Vm3V—|:{:4)/\(3:2\/—|a:2\/$4)/\(—|333V—|334V—|3:5)/\(3:2\/35'5\/597)/\(:174\/:1:5\/566)/\(—-3:5\/3:6\/—'9:7)/\(—|a:5\/ﬂa:6\/3:7)

P(X;=0)=P(X;=1) = 0.5
Y1 =X vXo VX3

Yy = X5V Xg V Xr

le,g =Y ANYs

Yo =Y7: A Yg
Yi234=Y12AY34
Yse678 =Ys6NY73s

Z=Y1234NY5678

= |f we can answer P(z) equal to zero or not, we answered whether the 3-SAT
problem has a solution.

= Hence inference in Bayes’ nets is NP-hard. No known efficient probabilistic
inference in general.



2L Z i M SAT [l R it K

05 05 05 05 w3 HL T 3R (CNF) B T4
WM AvBvC

B CvDv-—-A
| BvCv-=D

WP(AND) >0 H HAH Firg v h) 2]
I AE

W=> NP-3fE &
BP(AND) =S x0.5", S =& HiZ &I
i A2 1) AR B TR ) ZH AN £

m=> PR AR NP FE I
WA, S




eI JRBE? M SAT ji 2 i 3 K

BN IRATRENS [B1Z5P (AND) =0 B R FOm)3E, AR
ﬁéﬁam?)ﬁ% Ze 7 IR ANSAT A) i 2 AR AE—
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